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K-REGULARITY OF LOCALLY CONVEX ALGEBRAS 
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Abstract. The isomorphism of Karoubi-Villamayor AT-groups with 
smooth AT-groups for monoid algebras over quasi stable locally con¬ 
vex algebras is established and we prove that the Quillen AT-groups 
are isomorphic to smooth AT-groups for monoid algebras over quasi¬ 
stable Frechet algebras having a properly uniformly bounded ap¬ 
proximate unit. Based on these results the AT-regularity prop¬ 
erty for quasi-stable Frechet algebras having a properly uniformly 
bounded approximate unit is established. 


1. INTRODUCTION 

The A-regularity is an important A-theoretical property of rings. 
It is closely related to the homotopy property of fnnctors and to the 
Fnndamental Theorem of algebraic A-theory.The investigation of K- 
regnlarity appears in Grothendieck works for regnlar rings and is treated 
in problems of algebraic A-theory by Bass [1]. 

The starting point is the Grothendieck-Serre classical theorem stat¬ 
ing that a regnlar ring is Ao-regnlar. This resnlt was farther extended 
by Bass-Heller-Swan for the Whitehead-Bass algebraic K-fnnctor Ai 
and by Qnillen for all algebraic K-fnnctors A„, n > 1 [TTj. The A- 
regnlarity property of rings was also introdnced and stndied by Gersten 
[5] and Karonbi [T^ . 

In this direction more recent resnlts were obtained by Gnbeladze for 
the general case when the rings of polynomials are replaced by monoid 
rings satisfying certain conditions and the relationship was established 
between the A-regnlarity of a monoid ring R and its algebraic prop¬ 
erties |6j. Snch relationship was also stndied by Gortinas, Haesemeyer 
and Weibel |1] when R is a commntative ring of hnite type over a held 
of characteristic 0 or R is a non-rednced scheme with nnderlying space 
an elliptic cnrve over a held of characteristic 0. For commntative C*- 
algebras the A-regnlarity was established by Rosenberg [T5]. Fnrther 
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results about K-regularity of operator algebras were obtained for stable 
C*-algebras [S] and for stable profinite C'*-algebras HD]. 

Our aim is to find a wide class of locally convex algebras for which 
the iT-regularity property holds. For this purpose hrst we will investi¬ 
gate the relationship between Karoubi-Villamayor algebraic iF-theory 
and topological iF-theory in the category of locally convex complex 
algebras. Then the existing comparison of Quillen algebraic K-theory 
and topological K-theory will be extended to monoid 

algebras over locally convex algebras. To establish these results the 
topological invariants introduced in HU and called smooth /F-groups 
will be used. It should be noted that K-theories related to smooth 
K-groups have been treated in p[T9]. 

2. Preliminaries 

In this section we recall some dehnitions and propositions given in 
HU which will be used later. 

By a locally convex algebra we mean an algebra over the held of 
complex numbers equipped with a Hausdorff complete locally convex 
topology and jointly continuous multiplication The category ALC of 
locally convex algebras is closed under the Grothendieck projective 
tensor product [20] . 

Definition 2.1. Let 


be a sequence of morphisms in the category LC of locally convex linear 
topological spaces and continuous linear maps. It will be said that this 
sequence is a proper exact sequence if / is a homeomorphism of C on 
Imf, g is an open surjective map and Imf = Kerg. It will be said 
proper split exact if it is proper exact and g has a right inverse in 
LC. A short exact sequence in the category ALC is said proper exact 
sequence if it is split exact sequence in the category LC. 

Proposition 2.2. If 

O^C ^ B ^ A^O 

is a proper exact sequence of locally convex algebras and D is a locally 
convex algebra, then the sequence 

0 D§C -)■ D^B D®A 0 


is a proper exact sequence. 
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The smooth i^-theory was introduced in P for locally convex alge¬ 
bras. The same dehnition is valid for arbitrary real or complex topo¬ 
logical algebras and is completely similar. Namely, let be the 

topological algebra of smooth maps from the unit interval I to the 
topological algebra A. Any continuous homomorphism of topological 
algebras (p : A ^ A' induces a homomorphism of topological algebras 
(^oo(/) . j^oo{i) Pqj. g^j^y topologlcal algebra A consider the 

evaluation maps at f = 0 and t = 1 

-^A,i = 0,1, eo( f) - /(O). £, = /(I). 

Denote by '3(A) the kernel of Sq and by ta '■ 3(A) —)■ A the restriction of 
El on 3(A). There is a smooth homomorphism 6a '■ 3(A) —)■ 3'^ (A) send¬ 
ing / G 3(A) to 6A(f)(s, t) = f(st). One gets the smooth path cotriple 
3 (for locally convex algebras see [11]) which induces the augmented 
simplicial group 

GL(3t(A)) = GL(3,(A)) ^ GL(A). 

Definition 2.3. For any topological algebra A the smooth AT-functors 
n > 0 are dehned as follows 

K:r(A) = T^n-2GL(3M)) 

for n > 3, Kq‘^(A) = Ko(A) and for u = 1, 2 are dehned by the exact 
sequence 

0 ^ K^"^(A) 7ro(GL(3,(A)) GL(A) Kl^(A) 0. 

All dehned smooth K-groups are abelian (the proof for the case 
u = 1, 2 is similar to the case of locally convex algebras mi)- 

Let and be the free cotriple and the polynomial cotriple respec¬ 
tively on the category of associative rings and 3 the continuous path 
cotriple on the category of topological algebras. Then one has natural 
morphisms 

For any topological algebra A the homomorphism a a '■ S^(A) ^(A) is 

given by aA(\a\)(cix), |a| G Fa, where Fa is the free algebra generated 
by A, SA(ax)(t at),t E I, and one has the inclusion /3a ■ 3(A) -E- 
3(A). 

The topological A'-groups Kl/^(A) = TTn-2GL(3t(A)), K^^(A) = 
A’o(A)), were dehned by Swan [IB] and the algebraic K-groups kVn(A) = 
7r„_2GA(f)3+(A)) by Karoubi and Villamayor [TB] for n > 1. The mor¬ 
phisms a, 6 and /3 induce respectively functorial homomorphisms 

K^(A) -E kvn(A) -E Kr(A) -E Ki°P(A) 
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for n > 1, where K^{A) are Quillen’s iT-groups which are isomorphic to 
Swan’s algebraic i^-functors dehned in [TH] similarly to the topological 
case the continuous path cotriple replaced by the free cotriple. These 
homomorphisms are surjective for n = 1. 

Definition 2.4. Two homomorphisms f,g : A ^ B of topological 
algebras are said smoothly homotopic if there exists a continuous ho¬ 
momorphism h : A ^ such that Eoh = Sih which is called the 

smooth homotopy between / and g. 

Denote by Gr and Ab the category of groups and abelian groups 
respectively. 

Definition 2.5. A functor T : A —Gr is called smooth homotopy 
functor if T(/) = T{g) for smoothly homotopic / and g. 

Proposition 2.6. Let B he a full subcategory of the category A of topo¬ 
logical algebras containing with any topological algebra A the topological 
algebra . A functor T : B —)■ Gr is a smooth homotopy functor 
if and only if the inclusion i \ A ^ induces an isomorphism 

T{i) : T{A) —)■ T{A°°^^^) for any topological algebra A of the category 
B. 

Proposition 2.7. The topological K-functors and the smooth K- 

functors are smooth homotopy functors for n > 1 on the category 
of topological algebras. 

Definition 2.8. Let / : i? —)■ A be a continuous injective algebra 
homomorphism for a Banach algebra B. If an approximate unit of the 
Frechet algebra A is the image of a bounded approximate unit of B, 
then it is called properly uniformly bounded approximate unit of the 
Frechet algebra A. 

If A is a m-convex Frechet algebra, then set Af, of uniformly bounded 
elements in A becomes a Banach algebra with respect to the norm 
II a 11= sup II a IISuppose A has a bounded approximate unit in Ab. 
Then by considering the inclusion A;, ■=)■ A and by Dehnition 12.81 this 
approximate unit is a properly uniformly bounded approximate unit 
and in this particular case it is called uniformly bounded approximate 
unit of A. 

If A is an arbitrary unital Frechet algebra with the sequence of de¬ 
termining seminorms ||.||n, then with respect to the inclusion Ce A 
the unit e is a properly uniformly bounded approximate unit of A. 
Note that the unit e may be unbounded in A, depending on the given 
sequence of determining seminorms. 
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The Frechet algebras considered in this article are not necessarily 
locally multiplicatively convex (m-convex). Finite projective tensor 
products of Frechet algebras with properly uniformly bounded approxi¬ 
mate unit are again Frechet algebras with properly uniformly bounded 
approximate unit. The unit element of any unital Frechet algebra A is 
a properly uniformly bounded approximate unit of A. Projective limits 
of countably many C*-algebras are Frechet algebras with properly uni¬ 
formly bounded approximate unit. Many important examples of func¬ 
tional algebras occur in analysis that are not locally multiplicatively 
convex and are Frechet algebras with properly uniformly bounded ap¬ 
proximate unit (see Examples 1-4, m)- If y4 is a Frechet algebra with 
properly uniformly bounded approximate unit, then so is the Frechet 
algebra 

The main and needed X-theoretical property of Frechet algebras 
with properly uniformly bounded approximate unit is expressed in the 
following assertion: 

Theorem 2.9. If A is a Frechet algebra with properly uniformly bounded 
approximate unit, then it possesses the TF-property and therefore the 
excision property in algebraic K-theory and the H-unitality property. 

3. Smooth Karoubi Conjecture and K-regularity 

Besides the aforementioned assertions given in m for locally convex 
algebras we will use the following important property of smooth maps: 

Lemma 3.1. There is an isomorphism 
for any A and B locally convex algebras. 

Proof. A minor generalization of Theorem 44.1 [20] shows that C°°{I)®,,A 
C°°(/,A), where 06 is the completed e-tensor product. By the nucle- 
arity of Theorem 50.1 [20] says that C°°{I)®A = C°°{I)®eA. 

Finally one gets 

This completes the proof. □ 

Remark 3.2. (1) For m-convex locally convex algebras Lemma 13.11 is 
proved in [20] . The proof for the general case is due to Larry Schweitzer. 
(2) It should be noted that this property doesn’t hold for continuous 
maps and arbitrary locally convex algebras even for Banach algebras. 
That is the reason why we have introduced smooth iF-groups instead of 
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topological iT-groups for the investigation of Karoubi Conjecture about 
the isomorphism of algebraic and topological i^-functors in the case of 
locally convex algebras which we call the smooth Karoubi Conjecture 
(see [II]). 

(3) This isomorphism also holds when (—)°°C) jg replaced by fl(—). 

Theorem 3.3. Let B be a full subcategory of the category A of topolog¬ 
ical algebras containing with any topological algebra A the topological 
algebra 

(1) the functors Ki and are isomorphic on the category B if 
and only if Ki is a smooth homotopy functor on B, 

(2) the functors kvi and are isomorphic on the category B if 
and only if kvi is a smooth homotopy functor on B. 

Proof. (1) Let Ki and be isomorphic functors on B and consider 
for any topological algebra A the following commutative diagram 

Ki(hl)- 

Kf^{A) -^ 

where the vertical homomorphisms and the bottom homomorphism 
are isomorphisms implying the isomorphism of the top homomorphism. 
It remains to apply Proposition 12.61 showing the smooth homotopy 
property of Ki. 

Let Ki be a smooth homotopy functor on B. The surjection 3f(A) —)■ 
A induces the following commutative diagram with exact rows and 
columns 

0 0 

E{J{A)) -- E{A) -- 0 

GL{J{A)) -- GL{A) -- K-r{A) -- 0 

Ki{J{A)) Ki{A) -- Coker iCi(r)-- 0 

0 0 

which implies the isomorphism Kl"^{A) ^ GokerKi{T). 
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Now we will use the notion of smooth homotopization of any 

functor T ; A —)■ Gr dehned by 

h^^T{A) = Coker{T{A°^^^^) ^ T{A)). 

By using the exactness property of the functor Ai, it is easily shown 
that 

(A”^Ai)(A) CokerK i{t). 

Thus one gets the isomorphism h^'^Ki{A). It follows that 

if Ki{A) ^ one obtains the required isomorphism. 

(2) For the first part the proof is similar to the case 1). Let kvi be 
a smooth homotopy functor on B. Since is a smooth homotopy 
functor, the homomorphism <5*1 : kvi{A) —)■ Af™'(A) induces a homo¬ 
morphism : A™(/cni)(A) A^™(A). 

The commutative diagram 

0 0 

GL{J{A)) - GL{A) -- Kl^{A) -- 0 

h^^{kvi){J{A)) -^ h^^{kvi){A) -^ Af"^(A)-^ 0 

0 0 

with exact top row and vertical surjective homomorphisms implies the 
exactness of the bottom row. The topological algebra 3{A) is con¬ 
tractible because of the trivial map Oj(a) and the identity map l 3 (^) 
are smoothly homotopic with smooth homotopy 6a '■ '3{A) —)■ 3“^ {A) 
between them. Since h^"^{kvi) is a smooth homotopy functor, one has 
h^^{kvi){3{A)) = 0 implying the isomorphism h^^{kvi){A) —)■ Kf^{A). 
Thus kvi{A) —)■ A^”^(A) is an isomorphism if kvi{A) —)■ kvi{A°°^^^) is 
an isomorphism. This completes the proof. □ 

Let M be a monoid and A[M] a monoid algebra over a locally convex 
algebra A. Each determining seminorm p of A induces in a natural way 
a seminorm jim oll A[M] as follows 

for any element of A[M]. Then A[M] becomes a topological 

algebra with respect to these induced seminorms. Regarding the topol¬ 
ogy on the monoid algebra A[M] over a locally convex algebra A, it 
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can be considered as the nnion of the set S of hnite products of copies 
of A indexed by hnite subsets of M and partially ordered by inclusion. 
Then we take on A[M] the union topology induced by the topology of 
these hnite products. 

To conhrm Karoubi’s conjecture about the isomorphism of algebraic 
and topological ii"-functors we will use the following important notion 
of rings that is called the triple factorization property introduced in 
d- We recall its dehnition. 

Definition 3.4. It is said that a ring A possesses the property (TF)right 
if for any hnite collection of elements ai, 02 ,..., of the ring A there 
exist elements 61 , 62 , • • •, c,d ^ A such that ai = bicd for 1 < i < m 
and the left annihilators in A of c and cd are equal. 

Proposition 3.5. If a ring A has the {TF)right property, then the 
monoid algebra A[M] has also the (TF)right property for any monoid 

M. 

Proof. Let 

Pi = CLiimoi + 012^11 + ■ • ■ + ainiTnim 
P2 = (321^21 + 022^^22 + • • • + 02^2 ^2 n 2 


Pk 0.kimjk2 T (^k2^k2 T ‘ ‘ ' T Oiknf,T^kni^ 
be elements of the monoid algebra y4[M].The {TF)right property of the 
ring A implies that for the elements 

Q-ll, . . . , ; ^21; • • • ; ^2n2 ; * * * 5 ^kl : • • • : 

of the ring A there exist elements 

^ 11 ) • • • ! ^ 22 ) • • • 5 ^ 2 n 2 ) ■ ■ ■ t^kli ■ ■ ■ i 

and c,d oi A such that 

aij bijcd, j 1,..., Til 

a2j = b2jcd,j = 1,..., ?t,2 
ttkj bkj cd , j 1 , . . . , Ufc 

and if ycd = 0 then yc = 0 for y ^ A. 

Now consider the following elements of the monoid algebra 24[M]: 

qi = bnmoi + bi 2 mu H-h 

Q2 = ^ 21^^21 + ^ 22^^22 + ■ • ■ + b2n2^2n2 


Qk — bkimk2 + bk2'cnk2 + • • • + hkn^f^kn^ 

It is clear that one has pi = Qicd ioi 1 < i < k. If pcd = 0 for 
some monoid algebra p = aimi + 027712 + • • • + Onmn, then Ojcd = 0 
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for 0 < j < n. Thus one gets ajc = 0,0 < j < n, implying pc = 0. 
Therefore the monoid algebra A[M] has the {TF)right property. □ 

This proposition generalizes Lemma 16 [9] . Therefore the polynomial 
algebra A[xi,X 2 , ■ ■ ■ ,Xm\, n > 1, and the Laurent polynomial algebra 
A\t, ti] over a Frechet algebra A with properly uniformly bounded ap¬ 
proximate unit possess the excision property in algebraic /L-theory and 
the iL-unitality property. 

In what follows the following property of smooth maps will be used 
(3.1) ^ 

for any locally convex algebra algebra A. It is clear that this condition 
implies the isomorphism J{A[M]) ^ {'3{A))[M\ too. 

Let M be a monoid and denote by ALC[M] the category of monoid 
algebras A[M] over locally convex algebras A and by C* the category 
of C*-algebras. Let T be an arbitrary functor T from the category 
ALC[M] to the category Ab of abelian groups. 

Theorem 3.6. If the functor 

r((A§(- (g) /C))[M]) : C* ^ Ab 
is a stable and split exact functor, then the functor 
T((-®/C)[M]) : ALC Ab 
is a smooth homotopy functor. 

Proof. The Higson homotopy invariance theorem |8], which is true for 
complex (or real) C^-algebras, implies that the functor 

is homotopy invariant. 

By using Lemma 13.11 one has the following commutative diagram 
T(^((A°°(^)gA;)® A) [M]) T(^{{A®k)®K) [M]) 

r(^(A0(A:°°(^)§A)) [M]) == T{{A®{k 0 K)) [M]) 

T[{A®{k^" ® K))[M]^ =^T[{A®{k®K))[M]^ 

where horizontal maps of this diagram are induced by evaluation 
maps. The homotopy invariance of the functor T((A0(— ® /C))[M]) 
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implies the equality of the bottom two horizontal homomorphisms and 
therefore the equality of the top two horizontal homomorphisms.This 
shows the smooth homotopy invariance of the functor r((—®/C) [M]).This 
completes the proof. □ 

Definition 3.7. A locally convex algebra B is called quasi-stable if it 
has the form A®/C for some locally convex algebra A. where K, is the 
C'*-algebra of compact operators on the inhnite dimensional Hilbert 
space B. 

Theorem 3.8. For any locally convex algebra A there is an isomor¬ 
phism 

kvn{{A^)C)[M]) ^ K:riiA®}C)[M]) 

for all n>l. 

Proof. First it will be shown that (8)/C)[M]), n > 1, is a smooth 

homotopy functor on the category of locally convex algebras. Accord¬ 
ing to Theorem 13.61 it suffices to prove that the functor ® 

/C))[M], n > 1, is stable and split exact on the category of C*-algebras 
for any locally convex algebra A. 

Let 

(3.2) O^Ci^C'^C' 2^0 

be a short split exact sequence of C*-algebras. Then the sequence 

(3.3) 

0 ^ (.4g(C, 0C))[M| -> (4g(C0C))|M| ^ (4S(C2 0K))[Af] ^ 0 

is also a short split exact sequence for any locally convex algebra A. 
Since Karoubi-Villamayor algebraic K-functors preserve short split ex¬ 
act exactness of rings, it follows that the sequence 

0 ^ kvn{{A®{C^®lC))[M]) ^ kvn{{A®{C ® 1C))[M]) 

—>■ kvn(jyA®(C2 ® fC)) [Af]) —y 0 

is a short split exact sequence of abelian groups. 

Let D be a C*-algebra. Then for any locally convex algebra A the 
canonical homomorphism D ^ D ® K induces the homomorphism 

(3.4) kvn{{A®{D ® 1C))[M]) ^ kvn{A®{{D ® )C) ® /C)[M]). 

On the other hand one has natural isomorphisms 

kvn{A®{{D ® JC) ® K:)[M]) ^ kvn{{A®{D ® M 2 {K:))[M]) 

^ kvn{{A®M 2 {D ® /C))[M]) ^ kvn{{M 2 {A®{D ® /C))[M]) 

^ kvn{M2{{A®{D ® ]C))[M]). 
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and the composite of the induced homomorphism (13.4^ with theses 
isomorphisms gives us the natural homomorphism 

kvn{{A^{D (g) /C))[M]) ^ kvn{M 2 {{A®{D (g) /C))[M]). 

It is well known [8] that for any ring C one has the isomorphism 

kvi{C) kvi{M 2 {C)) 

implying this isomorphism for all K-functors kvn, n > 1. Therefore the 
homomorphism 

kvn{{A®{D 0 JC))[M]) ^ kvn{M 2 {{A®{D ® /C))[M]) 

is an isomorphism for all n > 1 and we conclude that the induced ho¬ 
momorphism (13.dp is an isomorphism for all n > 1. Thus by Theorem 
13.61 the functor kvn{{—®A)[M\)^ for all n > 1, is a smooth homotopy 
functor on the category of locally convex algebras. Taking into ac¬ 
count Lemma [3T] we hnally conclude that for any monoid M (satisfying 
fl3.ip l the functor kVn is a smooth homotopy functor on the category of 
monoid algebras over quasi-stable locally convex algebras for all n > 1. 

The exact sequence 

0 ^ ^ 3{A) ^ A^O 

induces the exact sequence 

(3.5) 0 ^ (fi,™(A)0/C)[M] ^ (J(y4)0/C)[M] ^ {A®JC)[M] 0. 

Since 3{A)®JC)[M] is isomorphic to 3{A®JC)[M]), this sequence is a 
GL-£bration with respect to the smooth cotriple and therefore with 
respect to the polynomial cotriple. Thus the sequence (13.4p induces 
the following long exact sequences 

• • • ^ (Al0/C)[M]) ^ K:ri^sUA)®JC)[M]) ^ Kr{3{A)m)[M]) 

^ Kr(4l0/C)[M]) ^ K:,^,{nUA)^}C)[M]) ^ , 

-^ kvn+i{A^JC)[M]) ^ kvn{nsm{A)®}C)[M]) ^ kvn{3{A)^]C)[M]) 

—>■ kVn{A<^)C)[M]) kVn-l{^sm{A)®)C)[M]) 

As we have seen the locally convex algebra 3{A) is smoothly con¬ 
tractible. This imply the contractibility of {3{A)®}C)[M]. Since 
and kvn are smooth homotopy functors, one gets the equalities iL®™'(J(A)0/C) [M]) 
0 and kvn{3{A)®)C)[M]) = 0 for all n > 1. 

By using the above long exact sequences one has isomorphisms 

at (^® k )| m ]) « Kr{n’;-'(A)»ic)[M]), 

kv4A§IC)[M]) « 
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for all n > 1, where 

By Theorem 13.31 the abelian groups irf™(f2”“^(/l)(8)/C)[M]) and 
{A)®10j[M]) are isomorphic and hnally we obtain the required 
isomorphism: 

K^^^{{A®iq[M]) ^ kvn{{A®iq[M]) 

for all n > 1. This completes the proof. □ 

Theorem 13.81 generalizes Higson’s result [S] on the isomorphism of 
Karoubi-Villamayor algebraic K-functors and topological K-functors 
for stable CA-algebras, since in this case the smooth K-functors are 
isomorphic to topological K-functors (see Theorem 1.10, m) 

Theorem 3.9. For any Frechet algebra A with properly uniformly 
bounded approximate unit there is an isomorphism 

K4{A®IC)[M]) ^ K^^^{{A®)C)[M]) 

for all n > 1. 

Proof To prove that Kn{{A®{— ® /C))[M]), n > 1, is a smooth ho- 
motopy functor on the category of Frechet algebras with properly uni¬ 
formly bounded approximate unit we will again use Theorem 13.61 by 
taking for the functor T the Quillen algebraic K-functor Kn- Consider 
the short exact sequences fl3.2l) and fl3.3p . If A is a Frechet algebra 
with properly uniformly bounded approximate unit, then so it is for 
the Frechet algebra A®{Ci ® K.) and consequently by Propostion 13.51 
and Theorem [23] the monoid algebra {A®{Ci®]C))[M] has the excision 
property in algebraic K-theory and is H-unital. Thus the split exact 
sequence (13.211 induces the split exact sequence 

0 ^ Kr,{{A®{C, ® /C))[M]) ^ Kn{{A®{C ® JC))[M]) 

^ Kn{{A®{C2®IC))[M]) ^ 0 . 

Since ® /C))[M] is H-unital for any Frechet algebra A with 

properly uniformly bounded approximate unit and any C*-algebra D, 
it has the Morita equivalence property implying the isomorphism 

((Hi(D 0 /C)) [M]) ^ (M 2 ((H0(D (g) /C)) [M]) 

induced by the canonical homomorphism D ^ D ® /C.Therefore by 
Theorem 13.61 the functor K'„((—0/C)[M]), for all n > 1, is a smooth 
homotopy functor on the category of Frechet algebras with properly 
uniformly bounded approximate unit. Applying now Lemma 13.11 we 
show that the Quillen algebraic K-functor Kn is a smooth homotopy 
functor on the category of monoid algebras over quasi-stable Frechet 
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algebras with properly uniformly bounded approximate unit for all n > 

1 . 

If ^4 is a Frechet algebra with properly uniformly bounded approxi¬ 
mate unit, then is also a Frechet algebra with properly uni¬ 

formly bounded approximate unit. Thus the algebra 
has the excision property in algebraic K-theory. It follows that the 
short exact sequence fl3.5l) induces the following long exact sequence 

-^ Kn+iiiA®K:)[M]) ^ KninsmiA)®JC)[M]) ^ K4i3iA)^)C)[M]) 

^ k4{a^k:)[m]) ^ iF„_i((a^((Ai0/c)[M]) ^ . 

Since is a smooth homotopy functor, one has the equality 
Kn{{3{A)®K,)[M]) = 0 for n > 1 which implies the isomorphism 

Kn{{A®lC)[M]) ^ Ki((fI^-'(A0/C)[M]),n > 1. 

The group Ki{{Vt'^^{A)®K)[M]) is isomorphic to the group 
i^f'"((r2”“^(y4)®/C)[M]) by Theorem 13.31 and the composition of these 
two isomorphisms with the isomorphism 

Kr{{n:-\A)®1C)[M]) ^ Kr{{A®lC)[M]) 

gives us the required isomorphism 

iFr((A0/C)[M]) ^ iF„((Al0/C)[M]) 

for all n > 1. This completes the proof. □ 

Theorem 3.10. If A is a Frechet algebra with properly uniformly 
bounded approximate unit, then one has isomorphisms 

Kn{A®lC) K. Kn{{A®lC)[xi,X 2 , . . .,Xm]) 

for n,m > 1. 

Proof. Consider the following commutative diagram 

Kn{A®]C) -^ Kn{{A®lC)[xi, . . .,Xm\) 

kVn{A®1C) -^ kVn{{A®1C)[xi, . . . , Xm]) 

with natural homomorphisms. According to Theorems 13.81 and 13.91 the 
Quillen algebraic K-groups iF„((A®/C)[M]) are isomorphic to Karoubi- 
Villamayor algebraic K-groups kvn{{A<^]C)[M]) for monoid algebras 
over quasi stable Frechet algebras with properly uniformly bounded 
approximate unit for n > 1. Therefore the vertical homomorphisms 
are isomorphisms. On the other hand the bottom homomorphism is 
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an isomorphism for any ring. We conclnde that the top homomorphism 
is an isomorphism too. This completes the proof. □ 

Corollary 3.11. Let A be a Frechet algebra with properly uniformly 
bounded approximate unit. Then one has isomorphisms 

Kn{{A^IC)[t,t-^]) ^ Kn{A®lC) © K^_i{A®lC) 

and 

K^J^{{A®lC)[tA-^]) ^ K^J^{A®K) © K^Jf^{A®lC) 
for all n> 1. 

Proof. Denote B = A®]C and let be the nnital Frechet algebra 
obtained by adding the nnit to B. The following split exact seqnences 

O^B^B+^C^O, 

0 ^ B[t] B+[t] C[f] ^ 0 

and 

0 —)■ B[t, —)■ B~^[t, —)■ C[t, t~^] —)■ 0 

indnce the split exact sequences of K-groups 
0 ^ KniB) ^ KniB^) ^ K^C) ^ 0, 

0 ^ Kn{B[t]) ^ Kn{B+[t]) ^ Kr,{C[t]) ^ 0, 

0 ^ KniB[tA-"]) ^ K^B^lLt-"]) ^ Kn{C[t,t-"]) ^ 0 

for n > 0, since the algebras B, B[t] and B[t,t~^] have the excision 
property in algebraic K-theory. 

If we consider the commutative diagram 

0-- K^{B) -- Kn(S+)-- Kn{C) -- 0 

0-- Kn{B[t]) -- Kn{B+[t]) -- Kn{C[t]) -- 0 

with vertical homomorphisms of K-groups induced by natural injec¬ 
tions, we conclude that the middle vertical homomorphism is an iso¬ 
morphism, since the right vertical one is a well known isomorphism 
and the other left vertical homomorphism is an isomorphism too by 
Theorem 13.101 

Thus the Fundamental Theorem of algebraic K-theory gives us the 
following isomorphisms 

K4B+[t, r^]) ^ K^B^) © iF„_i(5+), 

K^{C[t,t-^])-Kn{C)®Kn-i{C) 
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for n > 1. From these isomorphisms and the above obtained short 
split exact seqnences of A'-gronps immediately follows the reqnired hrst 
isomorphism of the Corollary.The second isomorphism is a conseqnence 
of the hrst isomorphism and Theorem [TH This completes the proof. □ 

Remark 3.12. I would like to thank Guillermo Cortinas informing me 
that for countable monoid M Theorems 3.8 and 3.9 can be obtained 
respectively by Theorem 6.2.1 |3] and for m-convex Frechet algebra 
with uniformly bounded approximate unit by applying argument of 
Theorem 12.1.1 and Remark 12.1.4 [2]. 
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